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1.    

(1)  100 – 36  =  ______________ (2)  100 – 47  =  ______________ 

(3)  100 – 89  =  ______________ (4)  1000 – 327  =  ____________ 

(5)  1000 – 638  =  ____________ (6)  1000 – 95  =  _____________ 

(7)  10000 – 6759  =  __________ (8)  10000 – 328  =  ___________ 

(9)  10000 – 2149  =  __________ (10)  100000 – 12345  =  _______ 

(11)  100000 – 39393  =  _______ (12)  100000 – 567  =  _________ 

 

2.        
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(2)     3    2    4 

         1    1    8 

                        

(3)     4    3    7 
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(4)     5    0    6 
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(5)     7    2    8 
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(6)     8    7    4    2 
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(7)     4    9    0    6    2 
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(8)     8    7    2    1    1 
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(9)     9    8    3    5    8 

         7    9    4    6    7 

                                    

(10)   8    6   4    2    3    7 

         2    7    0   0    3    8 
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3.     3  

 

(1)     4    7    9 

         2    9    8 

         3    4    5 

                        

(2)     6    6    6 

         1    2    3 

         5    4    8 

                       

(3)     9    9    9 

         6    7    4 

         1    8    8 

                       

(4)     4    5    1    8 

         1    2    3    8 

               9    4    2   

         3    1    2    6 

                             d 

(5)          3    2    1 

         4    7    2    9 

         6    5    8    7   

         1    2    3    4 

                             d 

(6)     1    4    8    7 

         2    3    6    7 

         8     2    6    9   

         7    2    8    4 

                             d 

(7)     4    1    4 

         5    8    2 

         6    7    9 

         6    1    6 

                       

(8)     7    6    8 

         1    7    9 

         5    4    6 

         5    2    8 

                       

(9)     4    4    8 

         6    2    3 

         8    1    2 

         1    7    4 

                       

(10)   2    7    4 

         5    8    5 

         4    1    6 

         7    3    1 
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(11)   4    7    1    8    4 

         6    5    3    2    5 

         7    8    6    2    9 

         3    2    4    4    4 

         1    1    1    2    1 

                                     

(12)   5    9    4    8    9 

         6    6    6    6    6 

         9    8    7    6    5 

         3    4    5    6    7 

         5    4    3    2    5 

                                     

 

 

4.    31456 – 47474 + 38641 – 27264 + 38886  =   ______________ 
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 1  

    

 

 10, 100, 1000, ..., 10
n
    

   

 1.2.1  

 103   100  3  103    100  + 03 

 94    100  6  94   100  – 06  

 28    10  18  28   10  + 18 

 22    100  78  22   100  –78  

  

 0    

  1.2.2  

 103    100  103 + 03   

 94      100  94 – 06  

 115    100  115 + 15 

 1012 1000  1012 + 012 

 971    1000  971 – 029  

    

  12  10  +2  

100  –88  88   41 

 10  +31  100  –59  

+31  -59  31  59  

  10, 100, 1000, ...  20, 30, ..., 200, 300,... 
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1.   

 (1.1)  102  (1.2)  12       (1.3)  97     (1.4)  19    (1.5)    112 

 (1.6)  975     (1.7)  10008     (1.8)  89     (1.9)  75    (1.10)  29 

 

2. 

  

 
 

   

111 100 111 + 11  

6 10 6 – 4  

97 100 100 – 3  

107 100 100 + 3  

992 1000 992 + 8  

9972 1000 1000 – 22  

10025 10000 10025 – 25  

 

3.    

     

(3.1) 10 + 3 13 13 + 3 

(3.2) 100 – 03     

(3.3) 100 – 07   
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i

j = 
6

1
 n (n + 1)(n + 2) 

 
n

(
2

1
(i

2 
+ i)) = 

6

1
 n (n + 1)(n + 2) 

 

 

 

J = 1  

 J = 1 

 i = 1  i = 1 

 i = 1  

 i = 1  

 i = 1  
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1.  n  

 6 , 7 , 10 , 50  100  

2.  n  n-1  n  n  1 

3.  4  5  6  i  

 

 

 2  

1.  

   

        

      

 

 1 5 14 30 55 

 1 2 3 4 5  

 

 1, 5, 14, 30, 55, .., 
6

1

 n (n + 1)(n + 2) 

  n  
6

1

 n (n + 1)(n + 2) 

  n  n
=
 
n2

 1 = 1  n   n-1 

  n   

1 = 1 , 2 = 1 + 2 , n = 1 + 2 + 3 + ... + n  
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                              1    1
2
 

                                       1    2    1   2
2
 

                            1    2    3    2    1   3
2
 

                1    2    3    4    3    2    1  4
2
 

     1    2    3    4          4    3    2    1 

    2    3    4                      4    3    2            

    1   3    4                                  4    3           1
2
        

    2   4                         4           2
2
 

    3                            3
2
 

    4
 

              4
2
 

  3   ( 1
2
 + 2

2
 + 3

2
 + 4

2
  )  = 9 ( 1+2+3+4 ) 

        3 4     = 9 4 

                     = (( 2  4 ) + 1 )  4       

 5  

     3 5     = (( 2  5 ) + 1 )  5        

      3 n     = ( 2n + 1)  n              

                     = ( 2n + 1) 
2

1  n(n+1)    

          n     = 
6

1

 n (n + 1)(2n + 1)  

2.  n  (  
n

1i

2
i    

 )  

         

  

 1  

  5   1  5  5
2 
, 4

2
 , 3

2
 , 2

2
  1

2
 

 1
2 
, 2

2
 , 3

2
 , 4

2 
, 5

2
 

  1
2 
+ 2

2
 + 3

2
 + 4

2 
+ 5

2
 = 55 

  

  1   1 

  2   1
2 
+ 2

2
 = 5 

  3   1
2 
+ 2

2
 + 3

2
 = 14 

 

1
2 

2
2
 

3
2
 

4
2 

1
2

2
2

3
2

4
2 
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  4   1
2 
+ 2

2
 + 3

2
 + 4

2 
 = 30  

 5   1
2 
+ 2

2
 + 3

2
 + 4

2 
+ 5

2
 = 55  

 1 = 
1

1i

2
i = 1

2 
 = 1 

 2  = 
2

1i

2
i = 1

2 
 + 2

2
 = 5 

 3 = 
3

1i

2
i = 1

2 
+ 2

2
 + 3

2
 = 14 

 4 = 
4

1i

2
i = 1

2 
+ 2

2
 + 3

2
 + 4

2 
 = 30 

 5 = 
5

1i

2
i = 1

2 
+ 2

2
 + 3

2
 + 4

2 
+ 5

2
 = 55 

 n = 
n

1i

2
i = 

6

1

 n (n + 1)(2n + 1) 

 

 

 14 

 

1.  n  

 6 , 7 , 10 , 50  100 

2.  n  n-1  n  n  1 

 

 

 

 

 1   

 

1.  

      n   n (  0 = 0  ) 

 n   n (  0 = 0  ) 

n  (  0 = 0) 

 n = 1+2+3+ … + n 

 2.3  
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  n = n
2
 = 1+3+5+ … + (2n – 1) 

  n= n
2
 = 1+2+3+ … + (n – 1) + n + (n – 1) + … + 3+ 2 + 1 

   = (1+2+3+ … + (n – 1) + n) + (1+2+3+ … + (n – 1)) 

   = n + n – 1  

 n = n = n + n-1 

 

2.  

  n = 
2

1 n(n+1) 

    n-1 = 
2

1  (n – 1) n 

  n + n-1 = 
2

1
n(n+1) + 

2

1
 (n – 1) n 

 = 
2

1
(n(n+1) + (n – 1) n) 

 = 
2

1
(n

2
 + n + n

2
 – n) 

 = n
2
 

 = n = n 

  n = n = n + n-1 

 

 2  

 

1.  

   n     n (  0 = 0 ) 

             n     n (  0 = 0 ) 

       n = 1 + 2 + 3 + ... +  n 

        n = 1 + 2 + 3 + ... + n 

 n = 1 + 2 + 3 + ... + n 

               = ( 0 + 1) + ( 1 + 2) + ( 2 + 3) + … + ( n-2 +  n-1) + ( n-1 + n) 

               = ( 0 + 1 + 2 + … + n-1 ) +  ( 1 + 2 + 3 + … + n) 

               = n-1 + n 

  n  = n-1 + n 

  n = n-1 + n  n-1 = n – n 

   n  = n-1 + n-1 + n 
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   = 2 n-1 + n 

  n  = 2 n-1 + n   n-1 = n – n 

  n  = 2 n – 2 n + n 

   = 2 n – n 

 

2.  

   n  = 
6

1

 n (n + 1)(n + 2) 

   n-1  = 
6

1  (n – 1) n(n + 1) 

  n + n-1  = 
6

1

 n (n + 1)(n + 2) + 
6

1  (n – 1) n(n + 1) 

    = 
6

1

 n (n + 1) ((n + 2) + (n – 1)) 

    = 
6

1
 n (n + 1) (2n + 1) 

    = n 
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 15 

 

 n  n  n = n
3
  

 
n

1   i

i = 1 + 2 + 3 + … + n  

   = 1
3
 + 2

3
 + 3

3
 + … + n

3
  

   = 
n

1i

3
i  

 

  

          1     = 1
3
     

            3 + 5   = 2
3
   

         7 + 9 + 11    = 3
3
 

    13 + 15 + 17 + 19  = 4
3
   

21 + 23 + 25 + 27 + 29 = 5
3
  

 1
3
 + 2

3
 + 3

3
 + 4

3
 + 5

3
 = 1 + 3 + 5 +…+ 29 

                                                      

 15   n 

 n
2
 

 1
3
 + 2

3
 + 3

3
 + 4

3
 + 5

3
 = 15

2 

 15 = 5 

 1
3
 + 2

3
 + 3

3
 + 4

3
 + 5

3
 = ( 5)

2 

  

1
3
 + 2

3
 + 3

3
 + 4

3
 + 5

3
 + 6

3 
= ( 6)

2
 

 1
3
 + 2

3
 + 3

3
 + ... + n

3
 = ( n)

2
 

1.  
n

1i

3
i = 

n

1i

i
2
 = 

4

1
 n

4
 + 

2

1
 n

3
 + 

4

1
 n

2
 

2.  n = n ( n-1 + n)  

3.  n – n     n , n-1   n   

4.  n – n  n  i    i = 1, 2,…, n 
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 3 

 ICT 

 3.1   (Mathematicians) 

 3.2  (Fibonacci Sequences) 

 

 3.1   (Mathematicians) 

 

    Web sites  

 http://www.yahoo.com/Science/Mathematics/History/Mathematics 

 http://www-groups.des.st-andrew.ac.uk/~history/ 

 http://forum.swarthmore.edu/~steve/steve/mathhistory.html 

 http://www-groups.dcs.st-and.ac.uk/~history/Day-files/Year.html 

 http://dimacs.rutgers.edu/~judyann/calendar/Calendar.html 

  

 1.  6   3   3  

 2.  6   4  

 3.  

 4.   

  4  

 

 

 3.2  (Fibonacci Sequences) 

 

  The Liber 

Abaci  . . 1202  Leonardo Fibonacci  Pisa  Hindu-

Arabic  

  

  

 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, … 
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 800  

   

(Number Theory)  

               Fn  n   

   
1 1n n nF F F   n > 1   

1
1F    

2
1F  

 (Golden Ration) 
1 5

2
F  

 (a constant of nature) 

  
1nF  nF   

1.6180339…  

            

         

Leonardo Fibonacci  ( . . 1175 - 1240)       

 Leonardo Fibonacci  . . 1175  Pisa   

 Pisa  Leonardo  Pisa  Leonardo 

Pisano   Leonardo Pisano Bigollo   Bigollo 

  traveller  good-for-nothing  Guglielmo Bonaccio   1828 

 Fibonacci  Guillaume Libri  Fibonacci  filius Bonacci  

 The son of Bonacci  Fibonacci   

 Filius Bonacci  

 Guglielmo Bonacci  Pisa 

 (The North African port town of Bugia)    Bejala, Algeria   

Fibonacci  The Moors  

    Hindu-

Arabic   

  Hindu-Arabic  0, 1 – 9  
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 1999  MDCCCCLXXXXVIIII (  1999) 

 IV  6  VI.   

 

I = 1 

V = 5 

X = 10 

L = 50 

C = 100 

D = 500 

M = 1000 

 

   

  

 

 IV  4  VI  6 

  1999  MCMXCIX. 

   1999  1998 

 

Hindu - Arabic Roman 

1999 MCMXCIX 

+ + 

1998 MCMXCVIII 

------- ---------------- 

3997 MMMCMXCVII 

 

  5  

  

   

 

   Fibonacci  

 Pisa   . . 1202  Liber 



119119

 

Abbaci     (Book of Calculating) 

  

 

 

 (Fibonacci Sequences) 

  1  1 

 

  

 

    0  

 1  0  

  

 (Rabbit Problem)                

 . . 1202  

  " " 

 

1.    

2.  ( ) 

3.  
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4.   

5. 

 

6.  

 ( )  (12 ) ? 

 

 

  ( )   

0 1 1  

1 1 2  

2 1+1=2 3  

3 2+1=3 2, 3  

4 3+2=5 2, 3  

 2   

  3  

5 5+3=8 2, 3  

 2   

  3  

  4  

    

 

 

 

     

  ( )

 

 

  

  

 ( )   
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  ( )
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 n  

  n  2  

1.  (Binomial Form) 

  n  

  (Summation : )   

(Binomial Theorem)  (Pascal’s Triangle)   

  

1 1

n

n

k

n k
F

k
 

 

  
n

k
  n  k 

 n  k    

  0  1  

 

 

  k > n    0
n

k
  

 

 3.2.1  6 (n = 6) 

    n = 6 
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1

1 2 3 4

6

6

1

6

0

1

6 6 1 6 2 6 3 6 4

1 1 1 2 1 3 1 4 1

5 4 3 2

0 1 2 3

1 4 3 0

8

n

n

k

k k k k

k

n k
F

k

k
F

k

F

 

 8  6  

 

2.  (Binet's Formula) 

   

  n 

 

   n  

  n  n  

  . . 1843 Jacques Phillipe Marie Binet  n 

   

1 1 5 1 5

2 25

x x

F x  

 

 3.2.2   50  

    x = 50  

50 50

1 1 5 1 5
50

2 25

1
28143753122.9999 0.0000000000355

5

1
28143753122.9999

5

12586269025

F

 

   50  12586269025  

 49  
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 (The Successor Formula) 

   

   

    

   

   greatest integer function  

 [x]  x   [4.2] = 4,   

[4] = 4 

 

 

2
1 5

2

x x
F x  

 

  x   

  3   4 

 3  5  

 

 3.2.3  8  

    x = 8  

2

2

1 5

2

8 1 5 8
8

2

9 320

2

13.44

13

x x
F x

F

 

   8  13  
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 (The Golden Ratio) 

  (Golden Number)   

(Golden Section)  (Golden rectangle) 

 

  (phi)   

 

 

 

 

 y/x  

 

      (y) (x)   

 

   

 

 

 

 

y x

x y x
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   (x) 

 1 (x=1)  

1

1 1

y

y
 

  

2
1 y y  

  

2
1 0y y  

  

1 5 1 5
,

2 2
y  

 

  

1 5

2
y  

   y/x   

1 5
1.61803398875

2
 

    ( )    

    

 

 (Fibonacci Ratio)  

    

   

   1    

 2  1  

   nr   n 

 1n
n

n

F
r

F
, 1,2,3,n  
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    1.6180339… 

   

 

 

 

 

 (1/89) 

 1/89   1/89  

1/89 = 0.011235955056179…    

  ? 

 5   5   

  5  1/89 

   ( )  1/10  

1

2

3

4

5

6

7

8

9

10

1 1 1

2 1 2

3 2 1.5

5 3 1.67

8 5 1.6

13 8 1.625

21 13 1.615

34 21 1.619

55 34 1.618

89 55 1.618

r

r

r

r

r

r

r

r

r

r
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2

3

4

5

6

1
.01 1

10

1
.001 1

10

1
.0002 2

10

1
.00003 3

10

1
.000005 5

10

 

 

   

.01

.001

.0002

.00003

.000005

.0000008

.00000013

.000000021

.0000000034

.00000000055

.000000000089

.011235955056

 

 1/89 

   

  f(x)  
1

1

k

k

k

f x F x   

 kF   k 

 

1

1

1 1 1

10 10 89

k

k

k

f F  

 

2 3 4 5 6 7
1 1 2 3 5 8f x x x x x x x  

  1/89 
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?   

  f(x) 

  f(x) 

 

  

 xf(x)   x
2
f(x) 

3 4 5 6 7 8

2 4 5 6 7 8 9

1 1 2 3 5 8

1 1 2 3 5 8

xf x x x x x x x

x f x x x x x x x
 

 f(x) 

2

2 3 4 5 6 7

3 4 5 6 7

4 5 6 7

1 1 2 3 5 8

1 1 2 3 5

1 1 2 3

f x xf x x f x

x x x x x x

x x x x x

x x x x

 

 

 

 

  xf(x)   x
2
f(x)  f(x)  

 

2 2

2 2

2

2

2 1

1

1

1

1

1

f x xf x x f x x

f x x x x

x
f x

x x

f x
x x

 

 x = 1/10 

2 1

1

1

1 1 1

10 100 10 1 89

f x
x x

f

 

 ( )  1/10  

 1/89 
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 (Applications) 

 (Apartment Buildings) 

   

  

   

1.    

2.    

3.  

  

  

 

 2   

 

 

 3   

 

 

 5   

  2, 3, 5    4  

 

 8   2, 3, 5, 8   

  5   

 

 13   7    
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 (Nature) 

   

   ? 

   ?  
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 (Leonardo Fibonacci and Leonardo da Vinci) 

   

 

 Leonardo da Vinci    

  

 

 

 

 

 (Mona Lisa) 

  

 

   

       

  Leonardo davinci  

    

  

 Leonardo da Vinci  “The Vetruvian Man”  “The Man in Action” 

 

  The Vetruvian Man   

 3      
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 The Man in Action  

 

 : 

  

 

  

 

  

  2   

 

 :  

  

  

 2   

  2   

                   

 

 :  

    

 

  2   

  2   (  

                  ) 
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1.  

1.1  
2 2

1 2 1n n nF F F   1n  

1.2 
2

1 1
1
n

n n nF F F   2n  

1.3 
3 3 3

1 1 3n n n nF F F F   2n  

1.4 
2 2 2

1 2 1n n nF F F F FL  

1.5  m   n  Fm  Fn 

1.6   2n
n

n

F
G

F
  

1 2n n nG G G  

2.  10000/9899  8  

2.1  

2.2  

3.  10,12  

3.1  

3.2  

4.   10,12  3. 

5.  
1

sin18
2

o

     (
1 5

2
) 

6.  cos36
2

o

 

7.  cos 108  

8.  
sin 72

cos36

o

o
 

9.  

10.   

 

web site  

www.cs.rit.edu/~pga/Fibo/fact_sheet.html 

http://www.mcs.surrey.ac.uk/Personal/R.Knott/Fibonacci/fibInArt.html 

Ravi Vakil,  A Mathematical Mosaic: Patterns & Problem Solving,  Brendan Kelly Publishing Inc., 

1996.  

 



 

 4.1    (Method of Proofs)
 

 4 

 

 4.1    (Method of Proofs) 

 4.2  ( Mathematical Induction ) 

 

 

 

    

 

        

        

( )   

      

 

1)   p   q    

  S
1
, S

2
, S

3
, ..., S

n
     p  q 

 p  q     p  q 

 

 p  q   

 

    p 

   ---------- 

   ----------     p   S
1
, S

2
, S

3
, ..., S

n
  

   ---------- 

   q 

    p  q 
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 4.1.1  x  

   x  y = x + 3  

 1)  x  

 2) x = 2n   n   ( ) 

 3) y = x + 3 = 2n + 3  (  2)  ) 

 4) y = 2(n+1) + 1  ( ) 

 5)  n + 1 = r  ( ) 

 6)  r  (  

       ) 

 7)  y = 2r + 1  r  

 8)  y  ( ) 

   x   y = x + 3  

            

 4.1.2   1 = 3  4 = 4 

 1)  1 = 3 

 2)  3 = 1 

 3) 1 + 3 = 3 + 1 ( ) 

 4) 4 = 4 

    1 = 3  4 = 4 

           � 

   p  q  p   4.1.2 

 

 4.1.3  a  

   a  a2  

  a  

  a = 2n   n   ( ) 

   a2 = a.a 

   a2 = (2n)(2n) 

     = 2(2n2) ( ) 



139139

 

   2n2 = r    ( ) 

  r  

   a2 = 2r   r  

   a2   ( ) 

   a  a2  

          � 

 

 4.1.4  a  b  

   a  b  a + b  

  a  b  

  a = 2n + 1   n   ( ) 

   b = 2m + 1    m  

 a + b = (2n+1) + (2m+1) 

        = 2(m+n+1)   (  , ) 

  m + n + 1 = r    r  

 a + b = 2r  r  

   a + b   ( ) 

   a  b  a + b  

    

           � 
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 4.1.5  a  b    

             a      a + 1    

 

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

--------------------------------------------------------------------------------------------------------------------------- 

--------------------------------------------------------------------------------------------------------------------------- 
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2)  p  q    (Proof by Using Contrapositive) 

  p  q    p  q   q  p  

 (p  q)  q  p  

 q  p  4.1     

p  q   q   p   

 

    q 

   ---------- 

   ----------      q, ,   

   ----------       

   p 

    q  p 

    p  q 

 

 

 4.1.6  x  

    x  y = x + 3  

   y = x + 3  

   y = x + 3  

   y = 2n  n  

    x  = 2n  3 

    = 2(n 2) + 1 

   n  2 = r  r  

    x = 2r + 1   r  

   x  

   x  

    y = x + 3   x  

    x   y = x + 3    �  
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 4.1.7  a  

    a2   a  

   a  

   a  

   a = 2n + 1   n   ( ) 

    a2 = a.a 

   a2  =  (2n+1)(2n+1) 

  =  4n2 + 4n + 1 

  =  2(2n2+2n) + 1 

   2n2 + 2n = r   r  

    a2 = 2r + 1   r  

  a2   ( ) 

  a2  

   a  a2  

   a2  a  

          � 

 4.1.8   A  B   A  B  BA   

    A       B    

    BA  

    BAx   

         Ax      Bx    (   “ ”) 

       Ax        Bx          ( ) 

                BA               (  “     ”) 

           BABA  

           BABA  
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 4.1.9  a  b   

        ab       a    b   

 

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

---------------------------------------------------------------------------------------------------------------------------

-------------------------------------------------------------------------------------------------------------------------- 
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 17 

 

  1 – 6   a   b  

 

 1.  a  a4  

 2.  a  b  a + b  

 3.  (a + b)2  a   b  

 4.  a  a2  

 5.  (a + b)  a   b  

 6.  a2  a  

  

7.  a, b  c   

   a > b  b > c  a > c 

 (   :  x > y    t   x = y + t) 

 

8.  

   a  b  a  0 

  a  b   c  b = ac 

  a b   a  b  

   a b   a  b  

 8.1  a, b  c   a  0 

   

     a b  a (b+c)  a c 

 8.2  a, b, c, d   a  0 , c  0 

   

     a b   c d   ac bd 

 8.3  a   b   

     a 3b   10 5b 

 



145145

 

3)   (Proof by Contradiction) 

   P    P        P    

   Q  Q     [ P  (Q  Q)]  P    

  

 

      

  

  

  P  

 

    P   

   ---------- 

   ----------   P, ,   

   ----------   

   Q  Q 

    P  Q  Q 

   P  

 

 4.1.10  x  

    x   y = x + 3  

  1)  P   x   y = x + 3  

  2)  ~P  

  3)   x   y = x + 3  

  4) y = x + 3   (  3) ) 

  5) x    (  3) ) 

  6) x =2n   n  ( ) 

  7)  y = 2n + 3   (  y = x + 3) 

  8) y = 2(n+1) + 1   ( ,  

         ) 

 



146146

 

  9)  n + 1 = r   r   ( ) 

  10)  y = 2r + 1   r  

  11)  y   (  10) ) 

    4)  y  

  12)   Q : y  

        Q : y  

    4), 11)  12)   Q  Q  ( ) 

  13)  P  Q  ~Q 

  14)   x   y = x + 3  

            � 

 

  4.1.1, 4.1.6  4.1.10  1), 2)  3)  

 

 

 4.1.11  2   

 1)  2   

 2)  2  = 
a

b
   a  b    

  . . . (greatest common divisor)  a  b  1 

 3) 
a

b

2

2
 = 2 

 4) a2 = 2b2  b2  

 5) a2    (  4) ) 

 6)  a  (  4.1.7  2)) 

 7) a = 2n   n   ( ) 

 8) a2 = (2n)2 

 9) 2b2 = (2n)2      (  4)  8)) 

 10) b2 = 2n2    n2  
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 11) b2  (  10) ) 

 12) b  (  4.1.7  2)) 

 13) b = 2m    m  

 14) 2  a  b  (  7)  13)) 

 15)  . . .  a  b  1 

   2)  . . .  a  b  1 

 16)  2   

           � 

 

 4.1.12    

  

  x   y   x + y  

  

 

   p
1
  x  

  p
2
  y  

  p
3
  x + y  

   p
1
  p

2
  p

3
   x   y  

 x + y  

  P  p
1
  p

2
  p

3
  

 1)  P  

 2)  (p
1
  p

2
  p

3
)  

 3) (p
1
  p

2
)  p

3
  

   {(p
1
  p

2
)  p

3
}  (p

1
  p

2
)  p

3
) 

 4)   x   y   

  x + y  
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 5)  x    (  4) ) 

 6)  x = 
a

b
  a, b   b  0 

         ( ) 

 7) x + y = 
c

d
   c, d   d  0 

         (  x + y ) 

 8) 
a

b
 + y = 

c

d
   (  6)  7)) 

 9) y = 
c

d
  

a

b
 = 

cb ad

bd
  cd  ad, b.d   bd  0 

      (  a, b, c, d    

      b  0 , d  0) 

 10) y    (  9) ) 

   4)  y  

 11)   x   y   x + y 

   

           � 

 

 4.1.13   x   x + 
1

x
 > 2 

  P   x   x + 
1

x
 > 2 

 1)  P  

 2)  x   x + 
1

x
 2 

  (  (p  q)  p  q) 

 3)  2)   x + 
1

x
 2 

 4)  x + 
1

x
 < 2 

 5) x + 
1

x
  2 < 0 

 6) x
2
 + 1  2x < 0  (  5)  x,  

        x ) 

 7) (x  1)
2
 < 0 
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   (x  1)
2
 > 0  ( ) 

   x   x + 
1

x
 > 2 

           � 

 

 4.1.14  (p  q)  p  

 1)  p  q  p  

 2)   p  q  p  

 3)  p  q   

 4)  p  

 5)  3)  p   4) 

   p  q  p  

           � 

 4.1.15  ABC   AB =  AC   B = C 

    AB =  AC   B = C 

  P   AB =  AC   B = C 

 1)  P 

 2)  AB =  AC 

 3)  B  C 

 4)  B  C  B > C  B < C 

 5)  B > C   AC >  AB  2) 

 6)  B < C   AC <  AB  2) 

    AB =  AC   B = C  
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1.  x  

   x   x + 1   

2.   x   y   y  x  

  

3.   x   y   xy 

 

4.   

  P(x)  2x + 1   t  

   |x| < 
2

t
   |P(x)  1| < t 

5.  (p  q)  ~p  q   

6.   AA  
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4)   p  q   

      p  q      ~p  q         p   q    ~ p    q  

    ~ p    q    
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5)   (Proof by Cases) 

  p  q  p     p 

 p
1
  p

2
   p  q  (p

1
  p

2
)  q 

  (p
1
  q)  (p

2
  q)  {(p

1
  p

2
)  q}    

   p
1
  p

2
  q  p

1
  q  p

2
  q   

p
1
  q  p

2
  q   1) – 4) 

  p  p
1
  p

2
  p

3
 ...  p

n
   p  q  n   

  p
1
  q, p

2
  q, p

3
  q, ..., p

n
  q  

   p
1
  p

2
  q   

 

   1  p
1
  q 

   -------- 

     1) – 4) 

   -------- 

   2  p
2
  q 

   -------- 

     1) – 4) 

   -------- 

    p
1
  p

2
  q  

 

 

 

 4.1.18   a   a2  a  

   a   a     

   a   a2  a     2   
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 1   a   a2  a  

 2   a    a2  a   

 

 1  a  

  a =  2n    n  ( ) 

    a2  a  =  (2n)2  2n 

  =  4n2  2n 

  =  2(2n2  n)    (2n2  n)  

  a2  a    ( ) 

   a   a2  a  

 

 2  a  

  a =  2n + 1    n  ( ) 

    a2  a  =  (2n+1)2  (2n+1) 

  =  (4n2+4n+1)  (2n+1) 

  =  4n2 + 2n 

  =  2(2n2+n)    2n2 + n  

  a2  a    ( ) 

   a   a2  a  

 1  2    a   a2  a   

           � 
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 4.1.19    a    b   

       ab   a  b  
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 a    

 1.  a   a
2
 + 3a + 1  

 2.  a   a
2
 + a  

 3.  3  a
2
   3  a  

 4.  

 ( )  (absolute value)  x  |x|  

       x   ,    x > 0 

     x   ,    x < 0 

 ( ) x, x  R  x < 0  x = 0  x > 0   R   

 ( ) x  R, x > 0  x < 0    ( 0) = 0 

 ( ) x  R, ( x) = x 

 ( ) x  R, x
2
 > 0 

  

 4.1  x   | x| = |x| 

 4.2  x   |x
2
| = |x|

2
 

 4.3  x  y   |xy| = |x||y| 

 

|x|  =  
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6)   p  q 

  p  q   2   

  1   p  q   2  q  p  

   p  q    ( p  q )   ( q  p ) 

  p  q  q  p    

  p  q  

 

   1  p  q 

    ----------- 

     

    ----------- 

   2  q  p 

    ----------- 

     

    ----------- 

  p  q 

 

 

 4.1.20   a    

   (a + 1)2    a  

   2   

  1)   (a + 1)2   a  

  2)   a   (a + 1)2  

  1)  

      a   (a + 1)2  

    a  

    a  

   a = 2n   n  
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   a + 1 = 2n + 1 

   (a + 1)2  =  (2n + 1)2 

    = 4n2 + 4n + 1 

    = 2(2n2 + 2n) + 1    2n2 + 2n   

   (a + 1)2  

  (a + 1)2  

    a   (a + 1)2  

     (a + 1)2   a  

 

  2)  p  q   

    a  

          a  =   2n + 1   n  

     a + 1 = (2n + 1) + 1  =  2n + 2 

      (a + 1)2   =  (2n + 2)2  =  4n2 + 8n + 4  =  2(2n2 + 4n + 2) 

     2n2 + 4n + 2   

     (a + 1)2   

      a   (a + 1)2   

            � 
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 4.1.21   a    b    

     a + b        a  -  b    
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 a  b    

1. a   a + 1  

2. a   a
2
  

3. a   a + 2  

4. a
2
   a + 2  

5. 3  a   3  a
2
  

6.   A    B         BA    AB  
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7)    (Disproof by Counter Example) 

   “   

 U ”    x [ P(x) ]        

x [ P(x) ]   U    

 x  P(x)  (  P(x) )    x [ P(x) ]   

(  x [ P(x) ]  )   x [ P(x) ]     

  x [ P(x) ]       x [  P(x) ]     

  x [ P(x) ]   

 

  

   a    a  U 

   P(a)  

  --------- 

  --------- 

  --------- 

  P(a)  

   x [ P(x) ]   

       x [ P(x) ]   

 

 4.1.22  x [  x   x
2
 > x]  

   
1

2
   

    
1

2

2

 = 
1

4
  

1

2
   

    
1

2
   

1

2

2

  
1

2
  

    x [x   x
2
  x]  

    x [  x   x
2
 > x]  

 

 

           � 
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 4.1.23  x [  x   x ]   

    

   2    

   2    

   2   2    

    x [x   x ]  

    x [  x   x ]  

            � 
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1. x [  x   x2 = 1] 

2. x [  x   x > 0  x ] 

3. x [  x   x2 = x] 

4.  

5.  a, b, c   a > b  ac > bc 

6.  a, b   a > b  
1

a
 < 

1

b
 

7.  A = {1,2,3,4}  B = {1,3,5,7,9}    A  (subset)  B  
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8)   ( )  (Proof of Existence) 

   U 

 1    x [ P(x) ]  

 x  P(x) 

 

  

 

    a   a  U 

     P(a)  

    ---------- 

    ---------- 

    ---------- 

   P(a)  

    x [ P(x) ]   

 

  

  

 4.1.24  “  x   
1

x
 = x” 

   x [x   
1

x
 = x]  

   x = 1   x    

   
1

x
 = 

1

1
 = 1 = x   

    x [x   
1

x
 = x]   

            � 

 

 4.1.25  “  x  x
2
  3x + 2 = 0” 

    x [x   x
2
  3x + 2 = 0]   

   x = 1   x   

   x
2
  3x + 2 = 1

2
  3 + 2 = 0  

   x = 2   x   
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   x
2
  3x + 2 = 4  6 + 2 = 0  

    x [x   x
2
  3x + 2 = 0]   

            � 

 

 4.1.26  “  N     n  n > N 

   
1

n
 < 0.001” 

   N = 1,000   N    

   n > N   n > 1,000 

         
1

n
 < 

1

1 000,
 

            
1

n
 < .001       

    N = 1,000     n  n > N  
1

n
 < 0.001 

            � 

  N    

   
1

n
 < 0.001 

        
1

n
 < 

1

1 000,
 

       n > 1,000 

     N = 1,000 

   N   1,000 
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 4.1.27  “   > 0    x   |x 2| <    

  |3x 6| < 0.0001” 
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   x  P(x)  

   2   

   1  x [ P(x) ]   

   2   
1
x   

2
x   

1
xP   

2
xP    

     
1
x  =  

2
x  

 

 4.1.28   x   2 + x = 0 

   1  x [x   2 + x = 0]   

   2   2 + 
1
x  = 0  2 + 

2
x   = 0  

1
x  =  

2
x  

     

  1     2     

    2 + ( 2) = 0     

    2   2 + ( 2) = 0  

    x [x   2 + x = 0]  

  2      
1
x    

2
x     

     2 + 
1
x   =   0  2 + 

2
x  = 0 

     2 + 
1
x   =    2 + 

2
x   (  ) 

         
1
x   =   

2
x    ( ) 

 1  2   x  2 + x = 0 

            � 

 22 

1.  “  x  x + 2 < 5” 

2.  x[5 + x 7  = x]       

3.  “  90  110” 

4.   x  x + 3 = 10 

5.  A = {0, 2, 8, 9}  a  b   a + b   

  

 5.1  x  A  x  y = y   y  A 

 5.2  z  A  z  8 = 0 

6.   x    y  x + y = 0 
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 4.2 ( Mathematical Induction ) 

 

 

 

 

   1   +   2    =     ………………. 

  

     1   +   2   +   4    =     ………………. 

 

       1   +   2   +   4   +   8    =     ………………. 

 

  ……………………………….              =     ………………. 

   . 

   . 

   . 

 

 

 

……………………………………………………………………………………………………………

…………………………………………………………………………………………………………… 

……………………………………………………………………………………………………………

…………………………………………………………………………………………………………… 

 

  

……………………………………………….. 

 

 

 

 

 



168168

 

 

    

 1. 1 + 2 + 3 + … + n  =  
2

)1n(n
 

 2. 1 + 2 + 4 + … + 2
n–1

  =  2
n
 – 1 

 3. 2
n
  >  1 + n 

 4. x
2n

 – y
2n

    x – y  

 

     n = 1 

  n = 2 

  n    1        

  n    

  

  n  

  

 

 (First Principle of Mathematical Induction) 

   P(n)  n  

 1)  P(1)  

 2)   k   

 

  P(k)   P(k+1)  

 P(n)   n  

 

   P(n)   

 1  P(n)   n = 1 

 2   P(n)   n = k  P(n)   n = k + 1  

 

  

     

      P(1)  

 



169169

 

 

    P(1)  P(2)  

  P(2)   ( ) 

     P(2)  P(3)  

  P(3)     ( ) 

   

   P(n)  

 

 

  ( )  

      

    

 n   

 

 4.2.1  1 + 3 + 5 + 7 + ... + (2n–1)  =  n
2
     n 

  P(n)  1 + 3 + 5 + 7 + ... + (2n–1)  =  n
2
 

 1  n = 1 

 P(1)   2 1 – 1 = 1
2
    1 

 2  k   

  P(k)   P(k+1)  

   1 + 3 + 5 + 7 + ... + (2k–1)  =  k
2
       (1.1) 

  

   1 + 3 + 5 + 7 + ... + {2(k+1) – 1}  =  (k+1)
2
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 1 + 3 + 5 + 7 + ... + {2(k+1) – 1}   = 1 + 3 + 5 + 7 + ... + (2k–1) + {2(k+1) – 1}   

  =  k
2
 + {2(k+1) – 1}    (1.1) 

  =  k
2
 + 2k + 1 

  =  (k+1)
2
 

   P(k+1)  

   P(k)   P(k+1)  

    P(n)   

   n        � 

 

 4.2.2  n(n
2
+2)   3     n 

  P(n)  n(n
2
+2)   3  

 1  n = 1 

 P(1)   1(1
2
+2)   3    1(1

2
+2)  =  3 

 2  k   

   P(k)    k(k
2
+2)   3  

  P(k+1)     (k+1){(k+1)
2
 + 2}  3  

 

    (k+1){(k+1)
2
 + 2} = k(k+1)

2
 + (k+1)

2
 + 2(k+1) 

  = k(k
2
+2k+1) + (k

2
+2k+1) + 2k + 2 

  = (k.k
2
+2k) + (3k

2
+3k+3) 

  = k(k
2
+2) + 3(k

2
+k+1) 

  P(k)   3  k(k
2
+2)    

  3(k
2
+k+1)  3   3  3(k

2
+k+1)  

  3  (k+1) {(k+1)
2
 + 2}  

   P(k+1)  

   P(k)   P(k+1)  

    P(n)   

    n        � 

 1.  P(k+1)  P(k)  
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 2.   2   

 n = 1     k     

 k + 1    

   n       

   n  

 . 1 + 2 + 3 + ... + n  =  
2

1n
 

 . 2 + 4 + 6 + ... + 2n  =  n(n+1) + 2 

.  P(n)  1 + 2 + 3 + ... + n  =  
2

1n
 

   n = 1    1 = 
2

11
   

  P(k)   k   

   1 + 2 + 3 + ... + k  =  
2

1k
 

   1 + 2 + 3 + ... + (k+1)  =  
2

1)1k(
   

      1 + 2 + 3 + ... + (k+1) = 1 + 2 + 3 + ... + k + (k+1) 

  = 
2

1k
 + (k+1) 

  = 
2

3
 (k+1) 

   
2

1)1k(
 

   P(k+1)  

   

.  P(n)  2 + 4 + 6 + ... + 2n  =  n(n+1) + 2 

  P(k)    k     

    2 + 4 + 6 + ... + 2k  =  k(k+1) + 2 

   2 + 4 + 6 + ... + 2(k+1) = 2 + 4 + 6 + ... + 2k + 2(k+1) 

   = k(k+1) + 2 + 2(k+1) 

   = (k+1){k+2} + 2 

   = (k+1){(k+1) + 1} + 2 

   P(k+1)  
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  n = 1   P(1)   2 1  =  1(1+1) + 2    

 1(1+1) + 2  =  4 

   

 3.   P(n)  n    

n > m   

  3.1  P(m)  

  3.2  k    m 

    P(k)   P(k+1)  

           � 

 

 4.2.3  2n < 2
n
     n  

   3 

  P(n)  2n < 2
n
 

 1  n = 3 

  P(3)  2 3 < 2
3
    2 3 = 6  2

3
 = 8 

 2  k    k > 3 

   P(k)   2k < 2
k
 

    P(k+1)    2(k+1) < 2
(k+1)

 

    2(k+1) = 2k + 2 

  < 2
k
 + 2 (  P(k) ) 

  < 2
k
 + 2

k
 (   2 < 2

k
  k > 3) 

  = 2 2
k
 

  = 2
(k+1)

 

   2(k+1)  <  2
(k+1)

 

   P(k+1)   

   P(k)   P(k+1)  

      P(n)  

     n  3    � 
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  n     n    

  (  n)    

   n = k + 1   n = k  

  

 

  (Second Principle of Mathematical Induction   

 Strong Induction) 

  P(n)  n  

  

  n  

  P(n)  n 

 

 1) P(1)  

 2)  k   

  P(1), P(2), ..., P(k)   P(k+1)  

  P(n)    n   

  P(n)   

 1  P(n)   n = 1 

 2   P(n)   n < k  P(n)   n = k + 1  

 

  P(n)  n   n > m   

 

 (1)  P(m)  

 (2)  k    m   

  P(n)  n < k  P(n)   n = k + 1  
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 4.2.4  

  a
n
  =  6a

n-1
  9a

n-2
 

  a
0
 = 1  a

1
 = 6 

  a
n
 = 3n + n  3n 

  P(n)  a
n
 = 3n + n  3n 

 1  n = 2  P(2)   a
2
 = 6a

1
  9a

0
 

     = 36  9 

     = 27 

     = 32 + 2  32    

   P(2)  

 

 

 2  k    2 

 P(1)  P(2)  ...  P(k)   P(k+1)    

a
k+1

  =  3k+1 + (k+1) . 3k+1 

 a
n
  =  6a

n-1
  9a

n-2
 

 a
k+1

 = 6a
k
  9a

k-1
 

  = 6(3
k
+k.3

k
)  9(3

k–1
+(k 1).3

k–1
) 

    (   P(k)  P(k 1) ) 

  = 2(3k+1+k.3k+1)  3k+1  (k 1).3k+1 

   a
k+1

  =  3k+1 + (k+1) . 3k+1 

  P(k+1)  

  P(n)  n < k  P(n)   n = k + 1   

  P(n)    

 n           � 
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 n     

1. 1 + 2 + 4 + 8 + ... + 2
n–1

  =  2
n
 – 1 

2. 
2.1

1
 + 

3.2

1
 + 

4.3

1
 + ... + 

)1n(n

1
  =  

1n

n
 

3. a + ar + ar
2
 + ... + ar

n–1
  =  

r1

)r1(a n

  ,  r  1 

4. 1
3
 + 2

3
 + 3

3
 + ... + n

3
  =  

4

)1n(n 22

 

5. 1
2
 + 3

2
 + 5

2
 + ... + (2n–1)

2
  =  

3

)nn4( 3

 

6. 1.3 + 2.4 + 3.5 + ... + n(n+2)  =  
6

)7n2)(1n(n
 

7. 
13

2
 + 

23

2
 + … + 

n3

2
  =  1 – 

n3

1
 

8. (23)
3n

 – 1   7  

9. 3
2n+2

 – 8n – 9   64  

10. 2
n
 + (–1)

n+1
  3  

11. x
2n

 – y
2n

   x – y  

12. 2
n
 > n   n > 0 

13. n! > 2
n
  n > 4 

 (   n! = n(n–1)(n–2) ...3.2.1) 

14. 2
n–1

 < n! 

15. 2
n
 > n

3
  n > 10 

16. (1+x)
n
 > 1 + nx   n > 2 , x > –1   x  0 

17. 2
n
 > 1 + n 

18. 2n + 1 < 3
n
 

19. 2n > 2+n  n > 3 

20. 1 + 
4

1
 + 

9

1
 + … + 

2n

1
 <  2 – 

n

1
 

21. (1+h)
n
 > 1+nh  n   h > –1 
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22. n(n+1)   

23. 2n
2
 + 4n + 1   

24.   a1 = 3   an = 3an–1    an = 3
n
 

25.  1 + 2 + 3 + ... + n  =  
2

2

1
n

2

   

   n = k > 1     n = k + 1  

   n  

26.   1.  a
1
 = a 

   2.  a
n+1

 = (a
n
)a 

   a
n
b

n
 = (ab)

n
   a  b  

27. |x
n
| = |x|

n
   x  

28. 

n

1i
ii )ba(   =  

n

1i
ia  + 

n

1i
ib  

29.   |a+b| < |a| + |b|     

  |x1+x2+…+xn|  <  |x1| + |x2| + … + |xn| 

30.  n  8
n
 – 3

n
   5   

 ( ) 

31.  A , B iA   ( i = 1 , 2 , 3 , … , n)   

  BA = BA    )...(
21 nAAA = nAAA ...

21
 

32.         a
n
  =  2a

n-1
  a

n-2
          a

1
 = 2   a

2
 = 3             

  a
n
 = n + 1 

33.           a
n
  =  6a

n-1
  11a

n-2
 + 6a

n-3
            a

o
 = 2 , a

1
 = 5   a

2
 = 15 

   a
n
  =  1  2n + 2.3n 

34.             u(x+y) + u(x y)  =  2u(x) + 2u(y)        

  u(0) = 0   u(1) = a
o
 

   u(n) = n2a
o
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 5.2   
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